Vector, Axial, Tensor and Pseudoscalar Vacuum Susceptibilities by Kisslinger, Leonard S.
ar
X
iv
:h
ep
-p
h/
98
04
32
0v
1 
 1
7 
A
pr
 1
99
8
Vector, Axial, Tensor and Pseudoscalar Vacuum
Susceptibilities
Leonard S. Kisslinger
Department of Physics,
Carnegie Mellon University, Pittsburgh, PA 15213
October 22, 2018
Abstract
Using a recently developed three-point formalism within the method of QCD Sum
Rules we determine the vacuum susceptibilities needed in the two-point formalism for
the coupling of axial, vector, tensor and pseudoscalar currents to hadrons. All sus-
ceptibilities are determined by the space-time scale of condensates, which is estimated
from data for deep inelastic scattering on nucleons.
PACS Indices : 12.38.Lg, 13.30.Eg,13.40.Fn
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1 Introduction
Since the operator product expansion (O.P.E.) fails for low momentum transfer, the
coupling of hadrons to currents cannot be treated by the usual method of QCD sum rules
extended to three-point functions. Recently, a three-point formalism, the standard starting
point for such couplings in field theory, was developed[1] for a QCD sum rule approach to
hadronic couplings with particular emphasis on vacuum susceptibilities. It was shown that
the vacuum susceptibilities that occur in the external field method with two-point functions
are given in the three-point approach by four-quark correlations which can be estimated
from the scale of the nonlocality of quark condensates, with the main limitation of accuracy
given by the use of vacuum saturation. In Ref.[1] the pion susceptibility was treated. There
has been a great deal of other work using three-point functions for hadronic couplings [see
Ref.[1] for discussion and references]. In the present note the method is used to determine
the susceptibilities for all currents that have been treated previously by QCD Sum Rules
with the external field method.
In the early work on electromagetic coupling to nucleons[2] it was observed that the O.P.E.
cannot be used consistently at low momentum transfer and bilocal corrections were intro-
duced. This problem was solved using a two-point function with an external field method[3],
with phenomenological vacuum susceptibilities introduced as parameters for nonperturbative
propagation in the external field. Although the nucleon magnatic dipole moments were de-
termined in Ref.[3] by sum rules which avoided the use of the vector susceptibility, additional
sum rules were used to estimate the value of this parameter. There have been a number
of applications of this two-point method for the calculation of the axial coupling constant
(gA) [4, 5, 6] and for the isoscalar axial coupling constant (g
S
A)[6]. From the appropriate sum
rules the axial vector susceptibility has been estimated. There as also been an estimate of
the vacuum tensor susceptibility[7] in work on the tensor charge of the nucleon, however, it
has been pointed out[8] that the treatment of the nucleon tensor charge is subtle and that
different theoretical treatments can give very different results.
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In a study of the parity-violating pion-nucleon interaction[9] the pion-nucleon coupling
was shown to depend critically on the pion-induced susceptibility, which was estimated. Re-
cently, the axial-nucleon coupling, which involves the closely-related pseudoscalar coupling
constant was also treated in the external field QCD sum rule method[10]. Although in princi-
ple the pion susceptibility can be estimated using PCAC, in practice there are inconsistencies
with the values needed phenomenologically[9, 1]
In the present note we show that the method developed in Ref.[1] can be successfuly
used for predicting the induced vacuum suscetibilities for all of these currents. With the
factorization approximation used in our work there is a single scale provided by the space-
time size of the nonlocal condensates that determines all of the susceptiblities.
2 Vacuum Susceptibilities
In a field theory the coupling of a current JΓ(y) to a hadron is studied by the three-point
function:
V Γ(p, q) =
∫
d4x
∫
d4yeix·pe−iy·qV Γ(x, y)
V Γ(x, y) = < 0|T [η(x)JΓ(y)η¯(0)]|0 > (1)
where the quantity η(x) is a composite field operator representing the hadron, with quark
fields as constituents. By evaluating VΓ at large pµ one can make an operator product
expansion with respect to the (0,x) variables, and thereby introduce the nonperturbative
QCD effects through quark condensates. However, since one wishes to evaluate VΓ for small
q, the O.P.E. for the (0,y) or (x,y) variable cannot be justified and the QCD sum rule method
for treating nonperturbative QCD does not work.
To avoid this difficulty a two-point formulation of the QCD Sum Rule in an external
electromagnetic field was introduced[3]. The form of the correlator is
ΠΓ(p) = i
∫
d4eix·p < 0|T [η(x)η¯(0)]|0 >JΓ, (2)
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in which the presence of the external current JΓ is indicated by the symbol in Eq. (2). By
going to large pµ the microscopic evaluation of ΠΓ(p) can be done using the O.P.E of the
quark propagator in the presence of the the JΓ current
SΓq (x) = < 0|T [q(x)q¯(0)]|0 >Γ,
= SΓ,PTq (x) + S
Γ,NP
q (x), (3)
where SΓ,PTq (x) is the quark propagator coupled perturbatively to the current and S
Γ,NP
q (x)
is the nonperturbative quark propagator in the presence of the external current, JΓ,
SΓ,NPq (x) = < 0| : q¯(x)q(0) : |0 >JΓ (4)
The operator product expansion for SΓ,NPq (x) is justified as in the ordinary two-point func-
tion. The nonperturbative vacuum matrix elements for the quark propagator in the external
JΓ current, given in Eq.(4), are expressed in terms of condensates. For example, the lowest-
dimensional term is
< 0| : q¯JΓq : |0 >Γ = −Γχ
Γ < 0| : q¯q : |0 > /12 (5)
in terms of the vacuum susceptibility χΓ. These susceptibilities must be determined in order
to predict the coupling constants using QCD sum rules.
In Ref.[1] it was shown that Scc
′
Γ,NP
q (x) of Eq.(5) with color indices c,c’is given in the
three-point method by the four-quark condensate
Scc
′
Γ,NP
q (x) = −i
∫
d4ye−iy·q < 0| : qc(x)q¯e(y)Γqe(y)q¯c
′
(0) : |0 >, (6)
If we assume vacuum saturation for intermediate states Scc
′Γ,NP
q (x) is given in terms of
nonlocal condensates, which have been used for the pion wave function[11], the pion form
factor[12] and deep inelastic scattering from nucleon targets[13]. Taking the qµ = 0 limit we
obtain
Scc
′Γ,NP
q (x) ≃ ΓG(x)(< 0| : q¯(0)q(0) : | > /12)
2,
G(x) = (−i)
∫
d4yg(y2)g((x− y)2), (7)
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where the function g(y2) gives the space-time structure of the nonlocal condensates:
< 0| : q¯(0)q(y) : |0 > ≡ g(y2) < 0| : q¯(0)q(0) : | >, (8)
In Ref.[13] it was shown that g(y2) can be determined from the experimental sea-quark
distribution as measured in deep inelastic scattering on the nucleon. Using the form
g(y2) =
1
(1 + κ2y2/8)2
(9)
we obtain
Scc
′Γ,NP
q (x) ≃ Γ
a2
63π2κ4
(10)
Finally, from a reanalysis of the QCD sum rule three-point treatment[13] with the form given
in Eq.(9) it is shown in Ref.[1] κ2 ≃ (0.15-0.2) GeV2.
3 QCD Sum Rule Three-Pont Method for Known Sus-
ceptibilities
In this section we apply the three-point method described in Sec. 2 for the susceptibilities
that have been estimated for axial vector, vector and pionic currents and briefly discuss the
tensor case.
3.1 Axial Vector Susceptibility
The axial and pseudoscalar coupling constants, gA and gP , are defined by the nucleon
matrix element of the axial current,
< N(p′)|J5µ|N(p) > = v¯(p
′)(gAγµγ5 + gP qµγ5)v(p), (11)
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In this subsection gA is discussed, while gP is discussed below. There are two susceptibilities
that appear in the conventional two-point treatment of an external axial current, Zµ: χA
and κA
< 0|q¯γµγ5q|0 >Z = χA < q¯q > Zµ (12)
< 0|q¯gcG˜µνγ
νq|0 >Z = κA < q¯q > Zµ,
where gc is the strong coulpling constant and Gµν represents the gluon field in the fixed-
point gauge and G˜µν = ǫµναβG
αβ/2. The susceptibility χA involves the type of four quark
matrix elements treated in the present work, while the mixed susceptibility κA involves some
correlations not considered here. In the treatment of the isovector axial coupling constant
(gA)[4, 5, 6] and the isoscalar axial coupling constant (g
S
A)[6] the sum rule for the nucleon
were used to reduced the dependence on these susceptibilities. We use the formulation of
Ref.[6] here.
The two sum rules in the two-point method are
β2N(
gA
M2B
+ A)e−m
2/M2
B =
M4BE2
8L4/9
+
< g2cG
2 > E0
32L4/9
+
5a2L4/9
18M2B
−
κAaE0
18L68/81
+
χAa < g
2
cG
2 > E0
288M2BL
4/9
(13)
and
β2NgA(1−
2m2
M2B
)e−m
2/M2
B =
M6BE2
8L4/9
+
M2B < g
2
cG
2 > E0
32L4/9
+
a2L4/9
18M2B
−
M2BκAaE0
2L68/81
+
χAa < g
2
cG
2 > E0
288M2BL
4/9
, (14)
with MB the Borel mass, < g
2
cG
2 >≃ 0.47 GeV4, a = -(2π)2< q¯q > ≃ 0.55 GeV2, L = .62
ln(10 MB), and < 0|η(x)|N > = (βN /π
2) v(x), where v(x) is a Dirac spinor. The functions
Em, defined in Ref.[6], and the parameter A help treat the continuum.
In the evaluation of these sum rules in Ref.[6] it was shown that gA -1 is mainly given
by the quark condensate term proportional to a2 with a value of 0.25, in agreement with
experiment and the Goldberger-Trieman relation, and giving the expected result of gA ≃
6
1.0 when the quark condensates vanish with chiral symmetry restoration. The susceptibility
terms were unimportant in that evaluation. Here we eliminate the susceptibility κA from
Eqs.(13,14) to obtain an expression for the susceptibility of interest, χA. We find that
χA(two− point)a ≃ −1.24GeV
2 (15)
This value is in agreement within expected errors of the value predicted from the three-point
method (with G(0) = 25π2/3κ4):
χA(three− point)a ≃ −G(0)
a2
12(2π)2
(16)
≃ −(1.7− 3.0)GeV 2.
Since the susceptibility gives a rather minor contribution for the isovector axail coupling
constant, the value given in Eq.(15) is not very accurate, but shows that the prediction of
the three-point method with no free parameters is consistent with the value extracted by
the two-point method. The study of gSA, the isoscalar axial coupling constant[6] adds no new
information. The prediction of the present work would be the same for χAS and in Ref.[6]
the same values were used for the isoscalar susceptibilities as for the isovector case.
3.2 Vector Susceptibility
Susceptibilities associated with the electromagnetic field were treated by Ioffe and Smilga[3]
in their pioneering work on the use of the two-point QCD sum rule method for calculation
of nucleon magnetic moments. Using the fixed-point gauge and representing the electromag-
netic field by the Fµν electromagnetic tensor, one finds three electromagnetic susceptibilities
< 0|q¯σµνq|0 >F = eqχV < q¯q > Fµν , (17)
< 0|q¯gcGµνq|0 >F = eqκV < q¯q > Fµν ,
< 0|q¯gcG˜µνq|0 >F = eqξV < q¯q > Fµν ,
As in the axial case, only the susceptibility χV is treated here. There are three sum rules,
two of which were used in Ref.[3]. Although it is possible to make estimates of the nucleon
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moments by eliminating the susceptibilities, they give quite important effects for the nucleon
moments. A detailed analysis resulted in the estimate
χV (two− point)am ≃ −(3.5 − 6.1)GeV
2, (18)
while the present three-point sum rule method gives
χV (three− point)am ≃ −(3.4− 6.0)GeV
2. (19)
Once more the prediction of the present theory is in satisfactory agreement with the value
for the susceptibility extracted from the two-point external field method and experiment.
3.3 Pion and Pseudoscalar Susceptibilities
The susceptibility associated with an external pion field was treated in Ref.[1]. We briefly
review this here. The strong and parity-violating pion-nucleon coupling depends crucially
upon χpi, the pion susceptibility[9]
< 0|q¯τ3γ5q|0 >pi = igpiχpi < q¯q > γ5 (20)
From the analysis of the strong pion-nucleon coupling constant, which is known to be gpi−N
= 13.5, one finds in the two-point QCD sum rule method
χpi(two− point)a ≃ 1.88GeV
2. (21)
Using the three-point QCD sum rule method one finds[1]
χpi(three− point)a ≃
2a2
9κ4
(22)
≃ (1.7− 3.0)GeV 2,
in agreement with the value extracted by the external field method.
The pseudoscalar coupling, gP is difficult to treat by the two-point external field QCD sum
rule method designed for zero momentum transfer, as one can see from Eq. (11). Recently we
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have carried out such a study and have shown the crucial dependence on susceptibilities[10].
In order to derive sum rules for gP one can introduce an external field of the form
Zµ(x) = Zµνx
ν , (23)
which in turn leads to the pseudoscalar vacuum susceptibility, χP , defined in momentum
space at low momentum transfer by
< 0|q¯γ5q|0 >Zµ = iχP < q¯q > Zµνqνγ5. (24)
The three-point formalism must be modified so that Eq.(7) becomes
Scc
′P,NP
q (x) ≃ γ5Z
µνGν(x)(< 0| : q¯(0)q(0) : | > /12)
2,
Gν(0) ≃ Limq→0qν
∫
d4yg2(y2)eiq·y
= qν4G(0)/κ
2. (25)
From Eq.(25) one finds
gMχP (three− point)a ≃ (40− 53)GeV, (26)
corresponding to the space-time range of the nonlocality given by 0.2 > κ2 > 0.15. This
range of values for χP is found to predict[10] values for gP consistent with the Goldberger-
Trieman relation.
3.4 Tensor Susceptibility
The tensor susceptibility is defined through Eq.(7) and
< 0|q¯σµνq|0 >Z = eqχT < q¯q > Zµν , (27)
with χT a factor 6 larger than the definition in Ref.[7]. We obtain
χT (three− point)a/6 ≃ −(0.57− 1.0)GeV
2. (28)
Two estimates of χT made in Ref.[7] were about -0.15 GeV
2 and -0.29 GeV2, much smaller
that the values that we find; however, the authors point out that the estimates are crude
and that the susceptibilities do not give large effects for the tensor charge of the nucleon.
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4 Conclusions
The three-point QCD sum rule method of Ref.[1] with the factorization approximation has
been used to estimate the external-field susceptibilities which appear in the external field two-
point method in terms of a parameter giving the space-time scale of the quark condensate.
Satisfactory agreement with all know vacuum susceptibilities has been found. There is one
scale, the size of the space-time structure of the nonlocal condensates, which determmines the
susceptibilities within our approximations. This new method, using nonlocal condensates,
does not require an operator product expansion of the quark propagators and can be used
to study coupling constants and hadronic form factors as a function of momentum transfer.
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